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We report on the c-axis magneto-optical response of YBa2Cu3Oy �y=6.65 and 6.75� single crystals, with
magnetic fields oriented both parallel and perpendicular to the CuO2 planes. The dominant characteristic of the
c-axis electrodynamics in the superconducting state, the Josephson plasma resonance �JPR�, is remarkably
sensitive to fairly modest magnetic fields below 8 T. Fields oriented perpendicular to the CuO2 planes are
shown to shift the edge of the JPR and also reduce the weight of the so-called “400-cm−1 mode,” shedding
light on this enigmatic feature. In the H �CuO2 geometry, where the magnetic field initiates Josephson vortices,
we observed a strong mode in the far-infrared which hardens with increasing field. The field dependence of the
low-frequency resonance behavior is contrasted to that of two other cuprate materials: La2−xSrCuO4 com-
pounds that we have investigated earlier, and Bi2Sr2CaCu2O8−�. Specifically, there exist disparities in the
number and field dependence of longitudinal modes measured for each system. Many of these differences can
be explained through a new numerical solution of the interlayer phase equations which includes effects of both
in-plane and c-axis dissipation parameters. Support for this approach is given by calculations of the Josephson
vortex lattice ground state configuration, and further insight is gained through the phenomenological frame-
work of the transverse JPR model, as well as a classical model of vortex dynamics.
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I. INTRODUCTION

Since the first synthesis of single crystal cuprate super-
conductors nearly two decades ago, there has been much
interest in their interplane conductivity.1,2 The coupling be-
tween the major structural subunits, the CuO2 planes, has
been shown to be of Josephson origin,3–5 and interplay has
been observed between the phonon modes and the electronic
background, both of which reveal complicated temperature
dependence.6–8 The formation of the pseudogap in the c-axis
electronic conductivity of underdoped crystals9–13 �or of the
superconducting gap in nearly optimally doped compounds2�
and the local field effects involving the phonon modes14

yield a rich variety of complex behaviors. Furthermore, ob-
servation of phenomena such as the change of kinetic energy
below Tc �Refs. 15–20� may give insight into the mechanism
of high-Tc superconductivity itself.

Both doping and temperature dependence of the inter-
plane conductivity have been investigated in detail for sev-
eral families of high-Tc cuprates.9,12,19,21 There is an agree-
ment on the gross trends,2 although the interpretation
of several features, including the so-called “400-cm−1

resonance” seen only in bilayered materials, remains
controversial.12,22,23

There has been comparatively little work on the effect of
magnetic field on the interlayer transport,24–26 with only two
publications pertaining to the YBa2Cu3Oy �YBCO�
system,27,28 which is otherwise one of the most studied high-
Tc superconductors. This scarcity is an indicator of the tech-
nical difficulty of these experiments rather than their impor-
tance. Magnetic field constitutes an efficient tuning “knob;”
the field can be used to impact the superfluid density more
gently than temperature and, unlike doping, this tuning is

reversible and does not change the level of disorder in the
system. In this article we exploit the influence of magnetic
field to better understand the origin of several characteristics
of the vortex state as well as of the anomalies of the c-axis
response.

For field magnitudes between the lower and upper critical
fields, field lines enter a type-II superconductor in tubes of
quantized flux known as vortices. The vortex state, particu-
larly that of the high-Tc cuprates, presents a complex phase
diagram characterized by varying degrees of structural order,
pinning, and flux flow, among other properties.29,30 The cur-
rent theoretical descriptions of the vortex state have been
successful at explaining, and at times even predicting, the
phenomena observed in transport and thermodynamic
experiments.31–33 The results of infrared and microwave
measurements as a whole, however, have not been so easily
accounted for; as we will show in this article, the data col-
lected for the canonical cuprate families25,27,34 reveal distinct
electromagnetic responses which have thus far not yielded to
description under a single theoretical picture. Here conduc-
tivity data for the underdoped YBCO system will be pre-
sented and compared with previous experimental results in
light of several theoretical perspectives. Section II will de-
scribe the magneto-optical experiment carried out at Univer-
sity of California, San Diego. We will present temperature
and field dependence of both the reflectance data and the
optical constants obtained from them. In Sec. III we will
introduce a progression of theoretical models relevant to the
interplane electrodynamics, including the vortex dynamical
model of Tachiki, Koyama, and Takahashi �TKT�,35 the bi-
layer model by van der Marel and Tvetskov �vdMT�,36 vor-
tex lattice ground state calculations by Nonomura and Hu,37

and a numerical solution of the interlayer phase equations by
Koshelev.38,39 We singled out Refs. 35, 36, and 38 out of
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many other models constructed to describe the vortex
dynamics40–43 because the TKT, vdMT, and Koshelev sce-
narios explicitly consider the frequency dependence of the
optical constants in the vortex state. The vortex lattice calcu-
lations by Nonomura and Hu37 and Koshelev39 define the
regimes in which these models are applicable. Each perspec-
tive contributes to the understanding of this problem, but we
will show that dissimilar features of the Josephson vortex
electrodynamics can best be reconciled by considering the
role of both in-plane and c-axis dissipation following the
recent theoretical treatment by Koshelev.38

II. MAGNETO-OPTICAL EXPERIMENT

A. Raw reflectance data

The single crystals of YBCO under study in this work
were grown using the flux method and annealed to oxygen
contents of y=6.65 and 6.75. Transport measurements, re-
ported elsewhere,44 show that these crystals are of high pu-
rity, and sharp transitions to the superconducting state occur
at Tc=60 K and 65 K, respectively. One large crystal
�ac-face area=2�5 mm2� was used for each zero-field char-
acterization, while for magneto-optical measurements 3–4
smaller samples were assembled to form 3�6 mm2 mosaics.
Samples were approximately 3 mm thick. For each doping,
all samples studied were grown and annealed in the same
batch.

Experimental data were collected in a two-step process.
Zero-field absolute reflectance R��� was first obtained at
near-normal incidence over a broad range of frequency
�18–48 000 cm−1� and temperature �8–295 K�. In order to
minimize the effects of finite sample size the reference data
were taken using a technique where a sample is coated in-
situ with Au.45 Field induced changes of reflectance were
then recorded as the ratio R�T ,H� /R�T ,0 T� for magnetic
fields H up to 8 T applied both parallel and perpendicular to
the CuO2 plane. Although the system has been characterized
to be stable over changing fields, reference spectra were also
collected in field using an aluminum mirror.46 In all measure-
ments the electric field was linearly polarized along the c
axis of the crystal.

Zero-field reflectance R��� at several temperatures is dis-
played in Fig. 1�a� for y=6.67 and Fig. 2�a� for y=6.75. At
T=295 K the reflectivity is flat in the far infrared with an
upturn toward R=1 as �→0. The rich structure above �
=100 cm−1 due to a series of transverse optical phonons is
followed by nearly featureless mid-infrared response. As the
temperature is lowered from room temperature to Tc the far-
infrared reflectance shifts to lower values, indicating that the
system is becoming less conducting in the c direction. A
broad feature near �=450 cm−1 appears at temperatures as
high as 150 K and grows dramatically with further cooling.
Below Tc a distinct change is seen in the low-frequency
spectra; here we observe a sharp plasma edge at �=�B, be-
low which reflectance is nearly unity. This feature is a sig-
nature of the Josephson plasma resonance �JPR�, a coherent
interplane oscillation of Cooper pairs. This plasma edge
grows sharper and moves to higher energy as the supercon-

ducting condensate is stiffened at lower temperatures. These
results are consistent with earlier studies of similar
dopings.9,12

Application of an external magnetic field in either orien-
tation with respect to the CuO2 plane produces dramatic
changes in reflectance. For measurements made with
H �CuO2, shown in Figs. 1�b� and 2�b�, a new absorption
feature is observed at frequencies �A below the JPR edge.
This dip in R��� �first appearing at �A=40 cm−1 for y
=6.75 at H=4 T� deepens and moves to higher energies with
increasing field. This agrees with optical studies of
YB2Cu3O6.60 in magnetic field.27 Several contrasts between
dopings are observed, however. The present H �CuO2 spectra
for the y=6.75 crystal do not exhibit the decrease of the JPR
edge frequency �B seen for the y=6.60 and 6.67 dopings.
Also, the data reported in this work show no enhancement of
the “400 cm−1 resonance,” as was seen in the prior data for
y=6.60.27 In fact, no new absorptions appear at frequencies
higher than 100 cm−1, and the only modifications to the spec-
tra involve minute shifts of phonon peak frequencies. In the
H �c geometry, an entirely different behavior is seen �see
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FIG. 1. �Color online� Infrared reflectance R��� of
YBa2Cu3O6.67 single crystal for �a� several temperatures above and
below Tc and at 8 K for magnetic fields oriented �b� parallel to the
CuO2 planes and �c� parallel to the c axis. Below Tc the sharp
reflectance edge characteristic of the Josephson plasma resonance
�JPR� is evident. Fields applied parallel to the CuO2 planes produce
a resonance feature below the plasma edge which shifts upward
with increasing field, while c-axis fields shift the JPR to lower
energies. The “400 cm−1 mode,” which appears above Tc, is clearly
modified by c axis, but not in-plane, magnetic fields. Inset: Field
ratios �R=R�8 K,H T� /R�8 K,0 T�.
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Figs. 1�c� and 2�c��. There is no evidence of a new resonance
in the low-frequency absorption; instead the JPR edge soft-
ens and broadens. The higher energy behavior is also clearly
dissimilar between the two experiments, as only the H �c
reflectance exhibits a suppression of the “400 cm−1 feature.”
The differences between the various spectra are highlighted
by the field ratios R�H� /R�H=0� in the insets to Figs. 1�b�,
1�c�, 2�b�, and 2�c�. For both H �CuO2 and H �c geometries
field induced changes of reflectance became weaker and
broader as the temperature was increased to Tc, and in the
pseudogap state above Tc no field induced changes were ob-
served within the signal-to-noise of our experiment.

B. c-axis optical conductivity, loss function, and superfluid
density

Reflectance data were transformed via the Kramers-
Kronig �KK� relations to produce the complex conductivity
�̂���=�1���+ i�2��� and complex dielectric function �̂���
=�1���+ i�2���. We have verified that the extrapolations re-
quired for the KK analysis do not affect the conductivity
spectra within the range where actual data exist. Generally,
the conventional form of the KK integrals is not suitable for
reflectance data collected in magnetic field due to the emer-
gence of nondiagonal components in the conductivity
tensor.47 In a metal these contributions are governed by the
cyclotron frequency �c=eH /m*c, where H is the applied
magnetic field and m* is the electronic effective mass. Since
the effective masses relevant to both the intraplane and par-
ticularly interplane response of cuprates are large,48 the use
of the conventional KK relations would be justified. In a

superconductor, however, the relevant parameter is the hall
angle, which has been shown to be small both in the plane
and along the c axis of YBCO.49

The dissipative part of the conductivity, �1���, is shown
in Figs. 3 and 4. At room temperature �1��� is characterized
by a series of infrared active phonons superimposed upon a
nearly flat electronic background. The zero-field conductivi-
ties, displayed in Figs. 3�a� and 4�a�, show that both the
phonon structure and electronic background are temperature
dependent, with two major effects taking place. First is the
emergence of the pseudogap, a partial suppression of low-
frequency conductivity common in underdoped cuprates.
Also important is the shift in spectral weight from the high-
frequency tail of the 320 cm−1 phonon to the asymmetrical
mode at 450–500 cm−1.8 Note that this shift begins at tem-
peratures as high as 150 K, far above Tc. This mode, which
appears in a variety of bilayered cuprates, has been attributed
to a Josephson transverse mode,36 and alternatively to bilayer
splitting.23 Note that the overall conductivity levels are
higher for y=6.75 than for y=6.67, and that the asymmetri-
cal mode occurs at a higher frequency.

Similar to the raw reflectance data, the optical conductiv-
ity displays dramatically different behavior between the two
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FIG. 2. �Color online� Infrared reflectance R��� of
YBa2Cu3O6.75 single crystal. See caption of Fig. 1 for details.
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FIG. 3. �Color online� Optical conductivity of YBa2Cu3O6.67 for
�a� several temperatures and at 8 K for magnetic fields oriented �b�
parallel to the CuO2 planes and �c� parallel to the c axis. Similar to
R���, the new low-frequency resonance is only seen for in-plane
fields. Fields applied along the c axis reverse the effect of lowering
temperature by weakening the 400-cm−1 mode and restoring spec-
tral weight to the 320 cm−1 phonon.
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field orientations studied. For H �CuO2, shown in Figs. 3�b�
and 4�b�, the low frequency dip seen in the reflectance spec-
tra is manifested in �1��� as a resonance whose strength and
center frequency depend on magnetic field. In contrast, the
H �c conductivity changes very little in the low-frequency
region �see Figs. 3�c� and 4�c��. The contribution due to the
electronic background increases monotonically with field,
and only a broad absorption is seen. Significant field-induced
changes do appear at higher energies, however, as the “
400 cm−1” mode is systematically suppressed with H �c.
Spectral weight is transferred back into the edge of the
320 cm−1 phonon, reversing the effects of lowering tempera-
ture.

Further insight into the field dependence of the JPR can
be gained by examining the loss function Im�−1/�����,
shown in Figs. 5 and 6. Peaks in the loss function occur at
possible zero crossings of �1���, identifying the screened
frequency position of longitudinal plasma oscillations. The
low-frequency loss function spectra in Figs. 5�a� and 6�a� are
mainly featureless at temperatures above the superconduct-
ing transition, but below Tc they exhibit a resonance at �B
=50�77� cm−1 which corresponds to the longitudinal JPR in
the y=6.67 �6.75� sample. As the field applied parallel to the
planes is increased a new peak develops at a lower frequency
�A=30�40� cm−1 �see Figs. 5�b� and 6�b��. In the more un-
derdoped sample the main loss function peak hardens by
5 cm−1 by 4 T, but does not change as field is increased to

8 T. At the higher doping the main peak frequency is field
independent. This additional mode does not appear for H �c
in Figs. 5�c� and 6�c�; rather, the original peak at �B is
shifted to lower energies, reflecting the suppression of the
JPR.

We will now show that the dominant effect underlying the
trends in the optical conductivity seen above is a destruction
of the superconducting condensate by magnetic field. The
electronic response of a superconducting material can be
quantified within a two-fluid framework in which the optical
conductivity has the form �1���=	s����+�1

reg���. The first
term stands for the contribution of the superconducting con-
densate, which has the form of a zero-frequency delta func-
tion whose weight is the superfluid density 	s=
e2ns /2m*.
Here ns is the superconducting carrier density and m* is the
pair effective mass. The latter term is the regular, finite-
frequency contribution �1

reg��� due to unpaired carriers and
pinned vortex modes, among other sources. The � function
cannot be directly observed in the �1��� spectra, but its in-
fluence can be deduced by examining �2���. This virtue of
imaginary conductivity is due to Kramers-Kronig relations
implying that the � function in �1��� must be matched with
a 1/� dependence in �2���. The net outcome of the conden-
sate formation is the following expression for the imaginary
conductivity:
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FIG. 4. �Color online� Optical conductivity �1��� of
YBa2Cu3O6.75 single crystal. See caption of Fig. 3 for details.
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FIG. 5. �Color online� Loss function for YBa2Cu3O6.67 for �a�
several temperatures above and below Tc and at 8 K for magnetic
fields oriented �b� parallel to the CuO2 planes and �c� parallel to the
c axis. Peaks in the loss function generally identify electromagneti-
cally active ionic motions along the c axis, such as longitudinal
plasma oscillations and phonons. In the normal state, phonon peaks
can be identified above 90 cm−1. Below Tc a strong new peak at
�B=50 cm−1 indicates the presence of the Josephson plasma reso-
nance �JPR�. A second peak emerges near �A=30 cm−1 in fields
parallel to the CuO2 planes, and the JPR peak broadens and weak-
ens for fields parallel to the c axis.
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�2��� =
	s


�
+ �2

reg��� . �1�

Similar to the real conductivity, the spectra of �2��� inferred
from KK analysis of the data also contain a contribution due
to unpaired carriers and pinned vortex modes in addition to
the superfluid term. Therefore, in order to extract accurate
values of the superfluid density from the conductivity data it
is imperative to correct the results of the KK analysis for this
regular contribution �2

reg���.5 Equation �1� can then be
solved for the corrected superfluid density 	s=
���2���
−�2

reg����, which is plotted for YBa2Cu3O6.75 in Fig. 7 for
H=0–8 T and several temperatures below Tc. As empha-
sized by the 3D nature of the graph, the increases of tem-
perature and field share the common aspect of suppressing
	s, but with disparate power law dependencies. Different
power laws are also observed between the two field geom-
etries; although 	s is suppressed by 50% at 8T in both cases,
the field dependence of 	s in the H �CuO2 orientation �Fig.
7�a�� has a concave curvature whereas the H �c suppression
�Fig. 7�b�� is nearly linear in field. The crystal with y=6.67
�not shown� exhibited similar trends of suppression of super-
fluid, but with smaller magnitudes.

C. Comparison to other cuprate superconductors

To place into context the electrodynamic response of the
YBa2Cu3Oy compounds described above, it is useful to make
a comparison to two other cuprate superconductors,
La2−xSrxCuO4 �La214� and Bi2Sr2CaCu2O8+d �Bi2212�. We
will show that despite the common structural characteristics
of these compounds, their Josephson vortex state electrody-
namics exhibit striking differences. Consider, for example,
the c-axis optical properties of La214 crystals under mag-
netic field applied parallel to the CuO2 planes. The reflec-
tance, shown in Fig. 8�b�, shows no sign of the structure at
�=�A seen in YBCO. Rather, the JPR frequency �B softens

and the entire plasmon structure is weakened. Stark differ-
ences also appear in the low frequency optical conductivity,
plotted above in Figs. 3�b� and 4�c� for YBCO and published
elsewhere for La214.50 In contrast to the behavior observed
for YBCO, �1��� increases broadly with field for La214,
with no formation of a sharp transverse resonance.

In the Bi2212 system the larger anisotropy lowers the JPR
frequency to a range inaccessible to infrared spectroscopy;
microwave magnetoabsorption techniques are used instead.51

Since the latter method identifies longitudinal modes, the
features it reveals can be most directly compared to the loss
function in the above IR results. The work in Ref. 51 focused
on an underdoped crystal with transition temperature Tc
=70 K, but all trends were observed at optimal doping as
well. The frequency-field diagram for Bi2212 in Fig. 8�e�
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FIG. 6. �Color online� Loss function for YBa2Cu3O6.75 single
crystal. See caption of Fig. 5 for details.

FIG. 7. �Color online� Superfluid density 	s for YBa2Cu3O6.75,
determined by �2 analysis with correction for regular contribution,
as a function of temperature and magnetic field. Although both plots
show suppression of superfluid density with field, the parallel field
orientation �a� produces a concave curvature, while the perpendicu-
lar field dependence �b� is nearly linear.
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displays two resonances: one appears only at higher tempera-
tures and hardens linearly with parallel field as a dense vor-
tex lattice is formed;42 the other resonance, visible at low
temperature and nonzero fields, softens with magnetic field.
This result differs distinctly from that of the other systems;
La214 supports only one sharp longitudinal mode, and its
peak frequency �B decreases with field �see Fig. 8�d��. As
mentioned above, in YBCO the JPR peak frequency �B is
field independent or weakly increasing, and the linewidth is
broader �see Fig. 8�c��. Furthermore, both modes in YBCO
are sharpest at low temperature, with no evidence of the
additional temperature scale seen in Bi2212. The closest
agreement between the data sets is in the lower-frequency
modes of YBCO �labeled as �A� and Bi2212. Both are too
weak to be resolved at the lowest fields and have little fre-
quency dependence in modest fields. At the outset, the elec-
tromagnetic responses of the three systems appear to be quite
distinct and without a common pattern; thus, the task of find-
ing a universal explanation has not been straightforward.52–55

III. THEORETICAL MODELS

Many theoretical models have been proposed to explain
the low-frequency infrared and microwave properties of the
layered high-Tc superconductors. Earlier theories40,41,43 have
accurately described elements of the experimental data for
individual families of cuprates but have not sufficiently ac-
counted for the differences in resonance behaviors from fam-
ily to family displayed in Fig. 8. Discussion below outlines a
series of developments which form a coherent explanation of
these disparities. All models discussed give predictions for
the frequency dependence of the optical conductivity. In sub-
section A, a classical description of Josephson vortex oscil-
lation presented by Tachiki, Koyama, and Takahashi �TKT�35

marks a good starting point for approaching this problem.
Here the interlayer phase equations are solved analytically
for small fields. A different perspective is gained in Sec. III B

with the phenomenological model of van der Marel and
Tsvetkov,36,56 which considers the modification of the JPR
behavior in a multilayer system. The parameter space where
this model is applicable is specified in detail by calculations
of the Josephson vortex lattice ground state, computed by
Nonomura and Hu,37 as well as Koshelev,39 and discussed in
Sec. III C. This knowledge of the ground state configuration
has been integrated into new numerical solutions of the in-
terlayer phase equations which take into account the in-plane
and c-axis dissipations. This approach by Koshelev38 is de-
scribed in Sec. III D.

A. Vortex oscillation model

Any microscopic derivation of the electrodynamic prop-
erties of a coupled Josephson system must begin with the
interlayer phase equations,57,58 and it is instructive to first
consider their analytical solution. With this objective, we
have found many of the features of the low-frequency reso-
nance mode to be in qualitative, and perhaps even quantita-
tive, agreement with predictions of the vortex dynamics
model of TKT.35 This theory has been applied to explain
changes in superfluid density and plasma edge position in
LSCO,24,25 but the present work is the first to employ it to fit
a finite-frequency mode in the conductivity data. The TKT
model offers descriptions of the low frequency electromag-
netic response of cuprate superconductors for magnetic fields
oriented both parallel and perpendicular to the CuO2 planes,
taking into account the difference in vortex structure between
the two geometries. For the case of magnetic fields oriented
parallel to the c axis, the flux penetrates the material by
forming pancake vortices which order in an Abrikosov lattice
in the ab plane.29 According to the TKT model, since the
c-axis plasma induced by the applied electric field does not
couple to these pancake vortices, the primary effect of the
field on the low-frequency optics is quasiparticle scattering
inside the normal vortex core and the change in dielectric

(a) (b)(a) (b)(a) (b)(a) (b)

(c) (d)(c) (d)(c) (d)(c) (d)

(e)(e)(e)(e)

FIG. 8. �Color online� Comparison of electrodynamic response data for various families of cuprate superconductors. Raw reflectance
spectra reveal a resonance feature below the Josephson plasma edge for YBCO �a� but not La214 �b�. The loss function spectra show two
longitudinal resonance modes for YBCO �c�, but only one for La214 �d�. A frequency-field phase diagram for Bi2212 �e� from Ref. 51
displays two magnetoabsorption modes.

LAFORGE et al. PHYSICAL REVIEW B 76, 054524 �2007�

054524-6



function this engenders. The normal and superconducting ar-
eas of the ab plane are modeled with oscillators with and
without damping, respectively, and the total dielectric func-
tion is a weighted average of the two regions. Thus, for low
temperatures, we have

���� = �c −
�p

2

��� + i0+��1 −
H

Hc2
� −

�p
2

��� + i��� H

Hc2
� ,

�2�

where H is the applied magnetic field, Hc2 is the thermody-
namic upper critical field, � is the quasiparticle scattering
rate in the normal region, and �p is proportional to the total
number of carriers.

Fields applied parallel to the ab plane, however, will cre-
ate Josephson vortices with cores pinned in the normal re-
gions between CuO2 planes and current patterns sustained by
Josephson tunneling. Here the vortex dynamics play an im-
portant role, and the equation of motion for a vortex oscil-
lating with viscous damping constant � and mass M about a
pinning site with Labusch constant p is

Mü + �u̇ + pu =
�0

c
J� � n̂ ,

where �0 is the flux quantum, J� is the current, and n̂ is the
unit vector along the vortex direction. Solving for the trans-
verse dielectric function yields

���� = � −

�ps
2

�2 +
�pn

2

��� + i��

1 +
�0

4
�c
2

H

p − i�� − M�2

, �3�

where �ps=�c2 /�c
2 and �pn are the superconducting and nor-

mal state plasma frequencies, respectively, and �c is the
c-axis penetration depth. Representative R��� and �1��� ob-
tained from this model are shown in Fig. 9. Note that the dip
in R��� and peak in �1��� appear only for the H �CuO2

orientation, as was observed in the experimental data. The
H �c spectra exhibit a shift in the frequency of the plasma
edge in R��� and a monotonic increase of �1���, also corre-
sponding to the data. One aspect of the H �c data not ac-
counted for in the TKT theory is the broad absorption near
60 cm−1 at H=8 T. This feature, different in appearance
from the resonance seen for H �CuO2, may be a result of the
in-plane inhomogeneities produced by pancake vortices and
their random fluctuations in the vortex liquid state.50,59

The TKT functional forms for R��� generated from Eqs.
�2� and �3� were successfully fitted to the perpendicular and
parallel field experimental data, respectively, for the y
=6.75 sample. In the H �c case we used the mean-field Hc2
=41 T obtained from magnetoresistance measurements60 and
fit for �p and �. The theoretical agreement is closest for the
lower fields, as the 8 T data shows a stronger suppression of
the plasmon than theory predicts. For H �CuO2 the fitting
was performed in the following way: first, zero-field R���
was fitted using �c and �p as free parameters. Next, in-field
curves were iteratively fitted with p and �, then �c, allowed

to vary. A single value of M was acceptable for all fields. The
regular �nonsuperconducting� components of �1��� and
�2��� were added to the theoretical prediction to compensate
for the presence of phonons and electronic background,
which are not accounted for by the model.

When comparing the fit curves to the data in Fig. 10,
remarkable agreement is observed in both field and fre-
quency dependency of the resonance. Though not shown, the
corresponding peak in �1��� is also reproduced. As seen in
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FIG. 9. �Color online� Theoretical model curves for c-axis re-
flectance and optical conductivity, as derived from the vortex dy-
namical model of Tachiki, Koyama, and Takahashi �Eqs. �2� and
�3��. Here the penetration depth is adjusted with field to account for
the suppression of superfluid density in field. Qualitative trends
seen here mirror those seen in the experimental data in Figs. 1 and
2. For H �CuO2, the low frequency resonance is visible in �a� the
reflectance and �c� the optical conductivity. Such a feature is only
produced for a large vortex mass. In the H �c orientation, the plasma
edge in the reflectance �b� is shifted to lower energies with field.
The normal vortex cores increase dissipation in �1��� �d�.

FIG. 10. �Color online� Theoretical fits �thick gray� to experi-
mental reflectance data for YBa2Cu3O6.75 at 8 K �thin colored� us-
ing vortex dynamical model of Tachiki, Koyama, and Takahashi.
Several values of magnetic field applied parallel to the CuO2 planes
are shown. For these fits the normal contribution �1

reg��� was added
to the optical conductivity derived from the theory in order to ac-
count for phonons and electronic background. Fit parameters are
listed in Table I.
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Table I, best-fit values for �c�8T� were within 20% of those
measured experimentally, with better agreement at lower
fields, and vortex dynamical parameters p and � were
within the range of those reported elsewhere.30 The excep-
tion was the vortex inertial mass, which was required to be
much larger �factor of 104� than theoretically predicted for
fields oriented parallel to the planes of a layered
superconductor.61 Since there exists no widely accepted
method for determining the vortex mass,62–65 it is difficult to
interpret the large value of the mass required to reproduce
the experimental line shape.

The success of these fits should be tempered with some
criticism. The TKT analysis depends sensitively on the dy-
namical parameters, which can only be corroborated with
transport or microwave resonance experiments. It is unclear
whether values obtained via these methods should be com-
patible with those inferred optically, so they were allowed to
vary in the fitting. Thus, the fact that the vortex dynamical
theory yields such an accurate fit to the data is hardly sur-
prising, given the extra degrees of freedom allowed in the fit.
A more fundamental issue is that the application of the TKT
model to these systems relies on assumptions which may be
invalid. First, the TKT model will produce a new field-
induced resonance only if large effective mass is assigned to
Josephson vortices. In related work in LSCO,25 vortex-
induced suppression of superfluid density was explained
through the TKT theory; as shown above no finite frequency
feature was observed, and little or no mass was needed to
produce a fit. Then within this framework one has to assume
massive vortices in YBCO and much lighter ones in La214,
an unlikely premise given the similarities in the zero-field
response between the two systems, and the parameters upon
which vortex mass is theorized to depend. Second, it is likely
that the approximations for low frequencies and fields place
the features under consideration outside of the physically
meaningful parameter space. Nonetheless, the TKT theory
affords insight into the influence of the vortex dynamical
parameters and provides a good theoretical starting point.

B. Transverse plasmon model

The van der Marel–Tvetskov �vdMT� model was devel-
oped specifically to describe the electrodynamics of
multilayer superconductors.36 It predicts that in a system
composed of layers with alternating Josephson coupling

strengths the out-of-phase charge oscillations between layers
will produce a transverse optical plasma resonance. A mode
of this type is manifested as a resonance in the optical con-
ductivity spectra. This theory was originally introduced as a
possible explanation for the anomalously broad “400 cm−1

resonance” observed in underdoped bilayered cuprates.9,56

The centrality of the compounds’ bilayer nature is supported
by the fact that the feature has not been observed in single-
layer cuprates such as LSCO. However, when LSCO is
doped with Sm a bilayer structure is created, and with it an
transverse resonance near 12 cm−1. Calculations based on
frequency positions of the longitudinal plasmons within the
constituent layers have been used to accurately track the po-
sition of the transverse plasmon through changes in
temperature66,67 and field.68

Following this progression, the theory has also been ex-
tended to the vortex state of YBCO under a magnetic field
applied parallel to the CuO2 layers.27 The key assumption in
this case is that vortices will penetrate only some of the
layers, forming a quantized lattice along the c axis with a
lattice parameter commensurate with the interlayer
spacing.40 The differing couplings between junctions with
and without vortices then define a vortex superstructure and
a transverse resonance is produced. Although the pertinent
resonance features in these three systems �YBCO intrinsic
bilayer, Sm2O2/ �La,Sr�2O2−� superlattice, and YBCO vortex
superstructure� occur over different energy scales and exhibit
strikingly different temperature and magnetic field response,
all have been explained using the fundamental idea of the
transverse resonance.36

In a derivation of the dielectric function due to a trans-
verse plasmon,36 the bilayer system is modeled as a stack of
superconducting layers with alternating Josephson coupling
strengths and corresponding plasma frequencies �pA and
�pB. By adding in series the impedances of the individual
layers �rather than the conductivities, as is the case for par-
allel conduction channels� the dielectric function can be ex-
pressed in the form

����
��

=
zA�2

��� + i�A� − �pA
2 +

zB�2

��� + i�B� − �pB
2 , �4�

where �� is the high-frequency dielectric constant, and �pv
and �v are the screened Josephson plasma frequencies and
damping constants which characterize each type of junction.
The zeros of this function correspond to longitudinal plasma
oscillations, which can be observed as peaks in the loss func-
tion Im�−1/�����. A pole in the dielectric function at �T

= �zA�2+zB�2�1/2 identifies a transverse plasmon and appears
as a resonance peak in �1���. In the simplest form of the
bilayer model, the weight factors zv �constrained by zA+zB
=1� are determined solely by the volume fractions occupied
by the layers, but the theory has been expanded to include
the influence of electronic compressibility.69

The transverse plasmon formalism has been applied to the
present YBCO data for fields parallel to the CuO2 planes,
with all relevant parameters listed in Table II. Examination
of the loss function and conductivity spectra in Figs. 3–6
yields, for a fixed magnetic field, the longitudinal plasma

TABLE I. Parameters used for fitting reflectance data with TKT
theory, as shown in Fig. 8.

H �T� 0 2 4 8

�c
obs ��m� 4.42 4.80 5.26 6.16

�c
fit ��m� 4.14 4.14 4.42 4.85

��c
obs−�c

fit� /�c
obs 0.06 0.14 0.16 0.21

�p �cm−1� 386 358 324 271

 ��106 Pa� 5.81 5.12 6.15

� ��105 Pa cm−1� 1.72 1.18 1.07

M �Pa cm−2� 3190 3190 3190
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frequencies �B and �A, corresponding respectively to JPRs
in junctions with and without vortices, as well as the trans-
verse plasma frequency �T. The proximity of a phonon peak
at �=94 cm−1 introduces at most a systematic error of 5% in
�B for the more highly doped sample. From these frequency
positions the weight factors zA and zB can be calculated. The
high-frequency limit of the experimental �1��� is also taken
directly from the data. The theoretical reflectivity corre-
sponding to Eq. �4� was fitted to the R��� data, with the
damping constants �v as the only free parameters. As seen in
Fig. 11, the fit matches well the shapes of R��� and �1���,
and the theoretical integrated spectral weight of the trans-
verse mode ST

calc is close to the observed value of ST
exp. For

example, for y=6.75 we find ST
calc=5.88�104 cm−2 and

ST
exp=5.93�104 cm−2. Fits were obtained at 4–8�8� T for

the crystal with y=6.67 �6.75�; below these fields the fre-
quency position of the lower longitudinal mode is not well
defined, precluding similar quantitative analysis.

Provided the structural parameters of the bilayer crystal
are known, then it is possible to calculate the electronic com-
pressibility from the weight factors zv.68,70 In the case of a
vortex superstructure, however, we have no separate mea-
surement of the c-axis vortex lattice constant, and the effects
of the changing lattice structure and compressibility cannot
be deconvoluted.

The observed effects of magnetic field upon the 400 cm−1

mode are also in qualitative agreement with the transverse
plasmon description. As detailed in the introduction to the
vdMT theory, this mode has been described as a transverse
plasmon arising from out of phase oscillation of the JPR and
another, broader longitudinal mode at a higher frequency.
Since the frequency position and spectral weight of the
400 cm−1 transverse mode �see Fig. 2� are dependent upon
the positions of the longitudinal modes �see Fig. 3�, one
could expect to see correlations between these entities as
they are altered by the field. Indeed, for the y=6.75 sample
any changes in the position of the loss function peak �B
corresponding to the Josephson plasmon are linked to
changes in the 400 cm−1 mode. For H �CuO2, �B and the
400 cm−1 mode are both not affected. When H is applied
along the c axis, however, we observe a softening of �B,

matched by a suppression of the 400 cm−1 mode. For the
more underdoped sample, the hardening of the loss function
mode at �=�B is not matched by a growth of the 400 cm−1

mode. This may suggest that both low frequency longitudinal
modes are involved in the out-of-phase coupling which pro-
duces the broad transverse mode, and that the hardening of
the mode at �B is balanced by the growth of the one at �A to

TABLE II. Parameters used for fitting reflectivity with transverse plasmon model �Eq. �4��. The only free
parameters were �A and �B. All others were inferred from the experimental data in Figs. 2 and 3, as described
in the text. The theoretical curves which utilize these parameters are displayed in Fig. 5.

y=6.75 y=6.67

H �T� 8 4 5 6 7 8

�A �cm−1� 40 30 30 30 30 30

�B �cm−1� 80 55 55 55 55 55

�T �cm−1� 52 34 39 40 42 45

zA 0.23 0.12 0.29 0.34 0.41 0.53

zB 0.77 0.88 0.71 0.66 0.59 0.47

�a �cm−1� 25 8.9 13 12 13 15

�b �cm−1� 39 32 25 24 23 19

ST
calc �103 cm−2� 58 40 40 39 37 35

ST
obs �103 cm−2� 59 37 38 38 38 37
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FIG. 11. Fits �thick gray� to experimental reflectance data �thin
black� at T=8 K and several values of magnetic field using theory
of van der Marel and Tvetskov �left panels� and optical conductivity
derived from fit function �right panels�. These curves from the y
=6.67 doping are shown as example of the quality of fit which can
be obtained. The model was also successful for the sample with y
=6.75. Fit parameters are displayed in Table II, with the only free
parameters being the linewidths �a and �b. All other parameters
were measured directly in the conductivity and loss function or
calculated as described in the text.
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maintain a constant “center of spectral weight.”
This model yields a good fit to the present YBCO data

with few free parameters, and has an excellent track record
in describing far-infrared resonances in a variety of systems
with multilayer geometries.28,68 The strength and versatility
of the approach stem from its phenomenological handling of
the modification of interlayer Josephson couplings. When
augmented with detailed calculations of the Josephson vortex
superstructure �discussed below� the vdMT framework pro-
vides a qualitative account of differences between magneto-
optics data in YBCO and La214 compounds.

C. Josephson vortex lattice ground state calculations

The effect of magnetic field upon a superconducting ma-
terial depends on the relevant field scales for that particular
system. Therefore, to analyze on the same footing the in-field
JPR response of different families of cuprates it is imperative
to turn to calculations of vortex lattice configuration which
account for those scales. Recent studies by Koshelev39 as
well as Nonomura and Hu37 have worked within the
Lawrence-Doniach model. By minimizing the free energy
functional they obtained the Josephson vortex lattice ground
state. Here the critical field is defined as Hcr=�0 /2
�s2,
where �0 is the magnetic flux quantum, � is the anisotropy
parameter, and s is the interlayer distance. For high fields the
Josephson vortices fill every layer to form a dense lattice
�Fig. 12�a��, but upon lowering below H=Hcr it becomes
favorable for each pair of layers containing vortices to be
separated by an empty layer �Fig. 12�b��. As the field is fur-
ther decreased there is a complicated series of first order
transitions between configurations with varying spacings, un-
til a dilute lattice is eventually formed for H�Hcr �Fig.
12�c��. For Bi2212, Hcr	0.21 T ��=1100, s=12 Å�, while
for YBCO and La214 the field scales are 11 T ��=20, s
=12 Å� and 60 T ��=13, s=6.4 Å�, respectively.

The limitations on experimentally available magnetic field
strength then place each sample in Fig. 8 in a different field
regime. In the case of La214, the maximum field experimen-
tally available �17 T� is just over a quarter of Hcr, so the
vortex structure is still dilute. Thus, the data for La214 would
be more accurately compared to the far left side of Fig. 8�e�,
where the upper frequency mode softens with field and the
lower frequency mode is not yet observed. For YBCO, how-
ever, Hcr is only slightly higher than the upper experimental
limit. For this system the low-frequency loss function peak is
first resolved just below Hcr /2, as was observed for Bi2212.
The broad onset of this feature in YBCO at fields as low as
Hcr /4 has not yet been reconciled with the single-peaked
spectra of La214. Only for Bi2212, which boasts an aniso-
tropy 50–100 times as large as that of YBCO or La214, is the
dense vortex lattice regime explored. This information pro-
vides justification for the assumptions of vortex superstruc-
ture at the core of the vdMT theory. It also allows insight
into charging effects, for if the theoretical value of the vortex
spacing is inserted into the equation for layer weight factors
it is possible to determine the electronic compressibility. Fur-
ther, these calculations allow for new numerical solutions of
the interlayer phase equations38 which will be discussed in
Sec. III D.

D. Numerical solution of interlayer phase equations

Understanding of the Josephson vortex state electrody-
namic response has been further advanced by the inclusion
of another set of key parameters, the c-axis and in-plane
dissipation values. Recently the equations describing phase
dynamics in a layered superconductor in parallel field have
been solved numerically by Koshelev,38 yielding a solution
for the complex dielectric function �̂��� which is valid for all
frequencies and fields. This work begins with the coupled
equations for the phase difference and magnetic field in the
absence of charging effects.57,58 Assuming a vortex lattice
configuration with lattice spacing Nz, the static phase equa-
tions are solved for a fixed field. This solution is then input
into dynamic phase equations to calculate the oscillating
phase, and from it the loss function. This description depends
strongly upon both the in-plane and c-axis dissipation param-
eters, �ab=4
�c /�c�p and �c=4
�ab�ab

2 �p /c2, which scale
roughly as the inverse of the anisotropy. Also critical is the
frequency dependence of their relative strengths. Such an
approach provides a natural pathway for addressing the dif-
ferences among cuprate families, and indeed many observed
features are reproduced by the theory. For low values of the

(a) H >> Hcr

(b) H < Hcr

(c) H << Hcr

FIG. 12. �Color online� Ground state configuration of Josephson
vortex lattice for several values of magnetic field, as predicted by
Nonomura and Hu �Ref. 37�, and Koshelev �Ref. 39�. �a� For fields
larger than the critical field scale Hcr �see text� vortices form a
dense lattice. �b� Below Hcr the lattice undergoes a series of first
order transitions to configurations in which layers with vortices are
separated by Nz planes. �c� For small fields H�Hcr vortices form a
dilute lattice.
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dissipation parameters �typical of those measured in
Bi2212�, the model matches the field dependence of the two
modes measured in that system. And for high dissipation, as
realized in underdoped YBCO, fields below Hcr generate the
observed depletion of the main loss function peak and intro-
duce a low-frequency mode, shown in Fig. 13. The model
also exhibits a finite resonance in �1��� which hardens with
magnetic field, in agreement with experimental observations.
Here the theoretical curves have been scaled to the plasma
frequency and peak heights of the experimental data. Excel-
lent agreement is found in both the linewidths and frequency
positions of field-induced modes.

The reliance of this method upon the quasiparticle dissi-
pation initiates a comparison across cuprate families. It is
known, for example, that the dc conductivities along the c
axis of Bi2212 and YBCO can differ by three orders of

magnitude.71 Also, the infrared/microwave data for YBCO
reveal both a wider JPR linewidth and a stronger frequency
dependence of the in-plane optical conductivity than is ob-
served for La214.72–74 This model, then, could be exposing
the sensitivity of the JPR to these properties.

For completeness, we briefly mention two other structural
differences which could contribute to disparities: pinning and
layeredness. The CuO chain structure and twin boundaries,
which are present only in YBCO, have been shown to affect
properties of vortex pinning75–77 and may in turn influence
the vortex resonance spectra. And of the three systems dis-
cussed here, only La214 is single-layered, while YBCO and
Bi2212 have two and three layers, respectively. This factor
could affect the vortex lattice ground state configuration.

IV. CONCLUSION

In conclusion, we have tracked the electrodynamic re-
sponse of YBa2Cu3O6.67 and YBa2Cu3O6.75 through changes
in temperature and magnetic field, paying special attention to
the low frequency resonance which appears in the vortex
state. In contrast to the in-plane optical properties, which are
largely insensitive to magnetic field,78 the c-axis response is
strongly modified. We have shown that apparent disparities
exist in the Josephson vortex state electrodynamic response
of several families of cuprate superconductors. After exam-
ining proposed theoretical models we can conclude that the
differences originate not in variations of vortex mass, but in
anisotropy and dissipation. The description proposed by
Koshelev38 represents a significant step towards a coherent
understanding of the interlayer response of the Josephson
vortex state. Future spectroscopic measurements which ex-
pand the experimental phase diagram with higher magnetic
fields and lower frequencies should further elucidate this
subject.79
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